Remarks on unimodularity 

Charlotte Kestner* Anand Pillayt 

University of Leeds University of Leeds 

December 2nd, 2010 



Abstract 

We clarify and correct some statements and results in the literature 
concerning unimodularity in the sense of Hrushovski [4J, and measur- 
ability in the sense of Macpherson and Steinhorn |5J, pointing out in 
particular that the two notions coincide for strongly minimal struc- 
tures and that another property from [5] is strictly weaker, as well as 
"completing" Elwes' proof [2] that measurability implies 1-basedness 
for stable theories. 



1 Introduction 

The notion of unimodularity of a minimal type-definable set D in a stable 
structure was introduced by Hrushovski jl], in order to to give a beautiful 
interpretation and generalization of Zilber's proof that a strongly minimal set 
D in an Ko-categorical structure is locally modular. The expression unimodu- 
larity refers to the characteristic property that the (locally profimte) group of 
elementary permutations of any finite-dimensional algebraically closed sub- 
set of D is unimodular, namely carries a both left and right invariant Haar 
measure. On the other hand the notion of measurability of a structure M 
was introduced by Macpherson and Steinhorn [5], as a direct abstraction of 
the properties of definable sets in pseudofinite fields obtained by Chatzidakis, 
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van den Dries, and Macintyre [Ij. The expression measurability in a mathe- 
matical context carries with it a lot of baggage and nuance, so we prefer to 
refer to this notion of Macpherson and Steinhorn as MS -measurability. 

Unfortunately what turns out to be a strictly weaker notion than uni- 
modularity, the non-existence of definable sets X, Y , k 7^ i, and definable 
surjective functions / : g : X — > Y which are fc-to-1, £-to-l, respectively, was 
claimed in [4] to be equivalent to the unimodularity of D. We guess this 
was just an oversight or "typographical error". But the mistake also surfaces 
in Elwes' paper [2J as part of a proof that measurable stable structures are 
1-based (see Lemma 6.4 there and its proof), and is repeated in [5] and the 
survey article [3J. So in the current paper we attempt to clarify the rela- 
tionships between these various notions and definitions in the stable context, 
mainly looking at strongly minimal structures. The paper is elementary, and 
consists mainly of manipulating definitions, and applying results from j4] 
(and j5]). 

Let us now describe our "main results" which will appear in section 3. D 
will denote a strongly minimal structure. Precise definitions will be given in 
section 2. In Proposition 3.2 we prove the equivalence of unimodularity and 
MS-measurability for D. This is morally just Lemma 6 of [4], but we also 
give another equivalent condition involving finite-to-one definable functions. 
In Proposition 3.2 we give an (easy) example of a weakly unimodular but 
non unimodular strongly minimal set. In Proposition 3.4 we point out that 
for locally modular groups, unimodularity and weak unimodularity coincide. 
Finally in Proposition 3.5, we give a correct account of Elwes' theorem from 
j2] that MS-measurable stable theories are 1-based. 

Our model-theoretic notation is standard. We assume acquaintance with 
the basics of geometric stability theory, and the reader is referred to [BJ, 
although some of the results we quote are due to Buechler. If (in some 
ambient model) a is algebraic over b, then we write mult (a /b) for the (finite) 
number of realizations of tp(a/b). Also the expression "type-definable" refers 
to definability by a possibly infinite conjunction of formulas over a "small" 
set, in an ambient saturated model. 

Thanks to Richard Elwes and Dugald Macpherson for several conversa- 
tions on the topic of the paper, and especially for allowing us to give our 
commentary on Elwes' results from [2]. 
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2 Background on MS-measurability and uni- 
modularity 

There is a certain tradition in model theory of abstracting features of interest- 
ing, concrete examples, to provide a general definition of a class of structures 
or theories. What we call here MS-measurability belongs to this tradition. 
The definition is simply the conclusion of a theorem from [1] . Below we often 
identify a definable set with the (or a) formula defining it. 

Definition 2.1. An L-structure M is defined to be MS-measurable if for 
every nonempty set X C M n definable (with parameters) in M there is a 
pair h(X) = (dim(X), fi(X)) with dim(X) G N and n{X) G M >0 satisfying 
the following properties: 

(i) For any L-formula <fi(x,y), {h(4>(x , a)) : a G M} is finite and moreover 
for any given (k,r), {a G M : h(<p(x,a)) = (k,r)} is definable in M without 
parameters. 

(ii) IfX is finite then h(X) = (0, \X\). 

(Hi) If X,Y C M n are disjoint definable sets, then 

dim(X U Y) = max{dim(X), dim(Y)}. Also n(X U Y) equals fJ,(X) + fi(Y) 
if dim(X) = dim{Y), equals ti{X) if dim(X) > dim{Y), and equals /jl(Y) if 
dim(Y) > dim(X). 

(iv) Suppose f : X —¥ Y is a definable surjection such that h(f~ 1 (d)) is 
constant (with value (d,r) say), as a varies overY . Then h(X) = (dim(Y) + 
d,fi(Y).r). 

Remark 2.2. (i) MS-measurability of a structure M is clearly a property of 
Th(M). 

(ii) If M is MS-measurable by h = (dim, fi) and X is definable, then X is 
finite if and only if dim(X) = 0. 

Lemma 2.3. Suppose that D is a strongly minimal structure, which is MS- 
measurable, witnessed by h(-) = (dim(-), //(—)). Then for definable sets 
X,Y in M, dim(X) = dim(Y) if and only if RM(X) = RM(Y). In partic- 
ular MS-measurability of D can also be witnessed by (i?M(— ), //(—)). 

Proof. There is no harm in assuming D to be saturated. Suppose that 
dim(D) = k. So k > 0. First, from clause (iv) of Definition 2.1 we see 
that 

Claim. dim(D n ) = k.n. 
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We now aim to show, by induction on n, that for any definable set X C D n , 
dim(X) = k.RM(X) which suffices. The n = 1 case is left to the reader. So 
assume n > 1, and X C _D n is definable. 
Case /. i?M(X) < n. 

By compactness we can write X as a disjoint union of of definable sets 
Xi,..,X s , such that for each i = l,..,s there is ^ G N, a definable sub- 
set Fj of D n ~ x and a tj-to-1 projection of X± onto 3^. We can then apply the 
induction hypothesis, as well as the definition of MS-measurability, to obtain 
that dim(X) = k.RM(X) as required. 

Case II. RM(X) = n. 

Let Y = D n \ X. So RM(Y) < n and Case I applies. By the Claim and 
Clause (iii) of Definition 2.1, we conclude that RM(X) = k.n. □ 

We will make use later of the following result from [5]. 

Proposition 2.4. For a structure M to be MS -measurable it suffices that 
there is h satisfying (i) 7 , (ii) , (iii) , (iv) of Definition 2.1, where (%)' is just (i) 
for formulas 4>(x, y) in a single x variable. 

We will also use the fact [5| that MS-measurability of T implies MS- 
measurability of T eq . 

We now pass to unimodularity. Hrushovski worked with minimal types in 
a stable theory, but we restrict ourselves to strongly minimal sets D (or 
even strongly minimal structures). So here D denotes a saturated strongly 
minimal structure. 

Definition 2.5. D is said to be unimodular if for any n, ifdi, .., d n , d[, .., d' n e 
D, are such that d and d! are interalgebraic, and RM(tp(d)) = RM(tp(d')) = 
n then mult(d/d') = mult(d'/d). 

The main work in [1] was, assuming unimodularity of D, to construct 
a "Zilber function" on complete types (over parameters), inducing a Zilber 
function on type-definable (in particular definable) sets, which, together with 
Morley rank, turns out to satisfy all properties need for MS-measurability. 
A comprehensive treatment of this also appears in Chapter 2 of [B]. The 
following is the conclusion we need. It appears after Lemma 7 in jl]. 

Lemma 2.6. Suppose that D is unimodular. Then we can assign, to any 
type- definable set X , a positive real (in fact rational) number Z(X) , satisfying 
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the following properties: 

(i) Z(-) is automorphism-invariant, 

(ii) If X C QixQ 2 are type- definable sets, and for allb E Q 2 , RM(X(b)) = d 
and Z(X{b)) = r (where X(b) = {x E Qi,(x,b) E Q}), then Z(Q) = 
r-Z(Q 2 ), 

(Hi) If X is finite, then Z(X) = \X\, 

(iv) Z(D) = 1, 

(v) IfX, Y are type- definable disjoint definable subsets of D n then Z(XUY) = 
Z(X) + ZiY) ifRM(X) = RMiY), equals Z{X) if RM(X) > RMiY) and 
equals ZiY) if RMiY) > RM(X). 

In the introduction to [4J, a strongly minimal structure D was mistakenly 
defined to be unimodular if whenever X, Y are definable sets in D and /, g are 
both definable functions from X onto Y, which are fc-to-l, I to-1 respectively 
(with k,£ positive natural numbers) then k = i. This property is obviously 
implied by unimodularity as defined above, using Lemma 2.6 for example. We 
will call the property weak unimodularity, although maybe a better expression 
could be found, and we will see in the next section an easy example of a 
weakly unimodular but non unimodular strongly minimal set. Note also that 
this notion of weak unimodularity makes sense in any structure or theory, 
although again the nomenclature is not ideal as there is not much relation 
with the locally compact group interpretation. 

3 Results and proofs 

Proposition 3.1. Let D be a strongly minimal set. The following are equiv- 
alent: 

(i) D is unimodular, 

(ii) D is MS-measurable, 

(Hi) If X,Y are type- definable sets in D and f,g are (type) -definable func- 
tions from X onto Y which are k-to-1, i-to- 1, respectively, then k = £. 
(iv) Suppose X,Y are definable sets in D. Suppose that U\, U2 are definable 
subsets of X such that RM(X \ U t ) < RM{X) for i = 1,2, and V x , V 2 are 
definable subsets ofY such that RM{Y\Vi) < RM{Y), fori = 1,2. Let f, g 
be definable surjective functions from U\ to V\, and from U 2 to V 2 which are 
k-to-1, £-to-l, respectively. Then k = £. 
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Proof. As remarked earlier this is essentially the content of Lemma 6 of [1]. 

(i) implies (ii): Assuming unimodularity of D, we will see that defining 
h(X) = (RM(X), Z(X)) for X a definable set in D witnesses MS-measurability 
of D. It is well-known that Morley rank in strongly minimal sets satisfies 
the property: if / : X — > Y is definable and every fibre has Morley rank k, 
then RM(X) = RM(Y) + k. So using Lemma 2.4, it suffices to check that 
h(—) = (i?M(— ), Z(—)) satisfies (i) of Definition 2.1 for any formula <ft(x, y) 
where x is a single variable (ranging over D). And this is obvious by strong 
minimality: there is k such that for any b, the set defined by <p(x, b) is either 
finite and of cardinality at most k (in which case h(4>(x,b)) = (0, \4>(x, b)\)), 
or cofinite of co-cardinality at most k (in which case h(<p(x,b)) = (1, 1)). 

(ii) implies (iv): If D is MS-measurable we saw in Lemma 2.3 that this can be 
witnessed a by a function h = (dim, //) whose "dimension" component is pre- 
cisely Morley rank. But then, in the context of (iv) we see that n(U\) = fi(U2 
and (jl(Vi) = //(V2), whence (iv) follows immediately. 

(iv) implies (i): Suppose a,b G D n are interalgebraic, and each of them 
realizes p(xi, .., x n ), the "generic type" of D n (expressing that the a^'s are al- 
gebraically independent over 0). Let k = mult(b/a) and £ = mult(a/b). Let 
q{x,y) = tp(a,b/$). So RM(q) = n and q has Morley degree d say (where 
possibly d > 1). We can then find an L-formula <p(x,y) G q of Morley rank 
n and Morley degree d, such that |= 3 =k y<p(a,y) and |= 3 =e x<fi(x,b). Let 
X C D 2n be the set defined by <p(x,y), U\ defined by 4>(x,y) A 3 =k y<p(x,y), 
and U 2 defined by 4>(x,y) A 3 =e x<fi(x, y). Then clearly RM(X \ Ui) < n = 
RM(X) for i — 1,2. Let / : U\ — > D n be projection to the x coordinates, 
and g : U2 — > D n projection to the y-coordinates. Let V\ C D n be the image 
of / and V2 C D n the image of g. Then each Vi has Morley rank n (as it is 
0-definable and contains a generic point of D n ), so RM(D n \ Vi) < n. Now 
/ is fc-to-1 and g is £-tol. So by (iv), k — I. We have proved (i). 
Finally, note that the equivalence of (i) and (iii) is almost immediate, (i) im- 
plies (iii) is because of Lemma 2.6. For (iii) implies (i): if d, d' are "generic" 
interalgebraic tuples from D n , then taking X to be the set of realizations of 
tp(d, d') and Y the set of realizations of tp(d) (= tp(d')), and /, g the obvious 
projections, then we see that mult(d/d') = mult(d'/d). □ 

Proposition 3.2. There is a weakly unimodular strongly minimal set which 
is not unimodular. 

Proof. This is an easy example. Let the universe of D be 2 <UJ , the collection 
of finite sequences of 0's and l's, equipped with the "successor relation" S, 
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where S(a,b) iff either 6 = (a, 0) or b = (a, 1). Then Th(D) has quantifier 
elimination after adding relations for the compositions S . Th(D) is strongly 
minimal, and in a saturated model D', if a is "generic" and S(a, b) holds, 
then mult (b/ a) = 2 but mult(a/b) = 1. A rather painstaking analysis of 
definable functions will show weak unimodularity of D. Note that, working 
in the standard model D, the "predecessor" function P say, is 2-to-l, its 
range is all of D, but its domain is D with the "first element" removed. So 
this predecessor function does not contradict weak unimodularity. □ 

Problem 3.3. Is any weakly unimodular strongly minimal theory locally 
modular? 

Comments. The example in Proposition 3.2 is (geometrically) trivial. On 
the other hand clearly algebraically closed fields are not weakly unimodular. 
Conceivably there is a "Hrushovski construction" of a non locally modular, 
weakly unimodular strongly minimal set. However: 

Proposition 3.4. Let D be a locally modular strongly minimal group. Then 
Th(D) is unimodular iff it is weakly unimodular. 

Proof. We suppose D to be saturated. Assume D is not unimodular. As (by 
Proposition 3.1 for example), unimodularity is independent of adding param- 
eters, we may work over a model, and in particular assume that all types over 
are stationary. So let a, 6 be tuples in D n witnessing non unimodularity 
(a, 6 are each generic over and mult (a /b) ^ mult(b/a)). Now by results in 
Chapter 4 of [6 J (and testability), tp(a, 6) is the generic type of a 0-definable 
coset C of a connected 0-definable subgroup H of D 2n . We may assume (by 
substracting from (a, 6) a 0-definable point of C), that in fact C = H. For 
Morley rank and connectedness reasons, the projections (homomorphisms) 
f,goiH to the first n coordinates, and the last n coordinates are onto D n . 
Let the (0-definable) kernels of /, g be Ki,K 2 respectively. As RM(H) = n, 
Ki and K 2 are finite. Let \K\\ = k and \K 2 \ = t. Then / : H — >■ D n is fc-to-1 
and # : H -> D n is £-to-l. 
Claim, k = mult{b/a). 

Proof. If V realizes tp(b/a) then (0,6' — 6) G K\, so mult(b/a) < k. On 
the other hand, if (0, c) G Ki, then c G ac/(0), so RM(tp(a,b + c)) = 
RM(tp(a,b)) = n, whence (a, 6 + c) is also a generic point of H over 0, so 
(by connectedness of H) has the same type as (a, 6). Hence k < mult(b/a), 
and we get the claim. 
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Likewise we see that £ = mult(a/b). So by our assumptions, k ^ t and 
f,g:H—t D n witness non weak unimodularity of D. □ 



Proposition 3.5. LetT be a (complete) MS-measurable, stable theory. Then 
T is 1-based. 

Proof. By Corollary 3.6 of [3], T is superstable with finite i?°°-rank. By a 
theorem of Buechler (see Proposition 5.8 of [6]), in order to prove that T is 
1-based it suffices to prove that every stationary complete type p of [/-rank 
1 (in T eq ) is locally modular. By two more results of Buechler (Lemma 3.1 
and Proposition 3.2 of [6J) we may assume that p has Morley rank 1 and so 
is the "generic type" of some strongly minimal definable set D. Now viewing 
Dasa structure in its own right, the measurability of T eq is inherited by D 
(or Th(D)). By Proposition 3.1 and the main theorem of |4], D is locally 
modular. So p is too. This completes the proof. 

□ 
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